ABSTRACT The sensitivity of a dual-axis K-Rb-21 Ne co-magnetometer is subject to the accuracy of the magnetic field compensation and the calibration coefficient, which are determined by the orthogonality of the coil system. In this paper, an ingenious method of measuring the non-orthogonal angles between the x-and z-axes coils and that between the y-and z-axes coils is demonstrated. This in situ measurement method is based on the magnetic field responses of the dual-axis co-magnetometer. The non-orthogonal angle can be obtained by solving the relevant trigonometric function of the geometric relationship. Finally, the nonorthogonal angles of about 7.93 • between the z-and y-axes coils and 7.39 • between the z-and x-axes coils are obtained by fitting the response formulas. Besides, the influence of the applied transverse magnetic field on the accuracy of the non-orthogonal angle calibration is analyzed. This method is also verified to be valid at different working temperatures. Ne co-magnetometer, non-orthogonal angle, the coil system, magnetic field responses.
I. INTRODUCTION
Atomic co-magnetometers utilizing the spin coupling of alkali-metal atoms and noble gas have found applications in inertial rotation [1] - [3] , new spin-dependent forces [4] , [5] , a Lorentz-violating spin coupling [6] , [7] , etc. The K-Rb- 21 Ne co-magnetometer is operated in the spinexchange-relaxation free (SERF) regime [8] , [9] , where the spin-exchange collision can be neglected and a sensitivity of 2.1 × 10 −8 rad s −1 H z −1 is realized in near-zero magnetic field and high temperature of the vapor cell [10] . Furthermore, the co-magnetometer based on SERF can be used as gyroscope and the low frequency angle drift is about 0.04 deg/h [1] . Recently, a small-sized dual-axis K-Rb- 21 Ne co-magnetometer has been proposed, of which low frequency drift has been less than 0.05 deg/h [11] . In both gyroscope and fundamental physics applications, the sensitivity is limited
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by the residual magnetic field in the magnetic shielding, which could be compensated by the coil system to a certain extent [1] , [12] .
A low magnetic field environment is essential for the operation of co-magnetometers based on SERF regime, which mainly involves the accuracy of field compensation, the stability of the residual magnetic field and the magnetic noise [10] , [12] , [13] . A tri-axial magnetic field coil system has been utilized to finely compensate the residual magnetic field and apply the magnetic field excitations to the co-magnetometer [1] . Tri-axial Helmholtz coil scheme has been widely used in atomic co-magnetometers and SERF magnetometers for its simple structure. However, under the same magnetic field uniformity requirements, the coil system of this scheme will occupy a larger volume [14] . Therefore, in order to meet the needs of sensor miniaturization and magnetic field uniformity, the saddle-shaped coils are increasingly adopted to transverse magnetic field compensation in recent research, and the tri-axial coils are wound manually [15] , [16] . Nevertheless, it is difficult to ensure the orthogonality and quantize the non-orthogonal angles among the coils. The non-orthogonal angle between the x-and y-directions can be obtained by fitting the field response signal of the SERF magnetometer [16] , but the non-orthogonal angle between y-and z-directions or x-and z-directions could not be measured directly. Thus, the method of measuring nonorthogonal angles within the K-Rb- 21 Ne co-magnetometer is proposed in this paper. Then, the sensitivity of the co-magnetometer can be improved by compensating the influence of the field non-orthogonal angles [7] , [17] .
In our dual-axis K-Rb- 21 Ne co-magnetometer, the Lee-whiting scheme [18] is applied to z-axis with a handwound coil. Two pairs of saddle-shaped coils [19] are applied to x-axis and y-axis with flexible construction based on a PCB board. Thus, the magnetic field generated by the x-axis is almost perpendicular to the y-axis. However, the non-orthogonal angle errors between the longitudinal direction and the transverse directions exist in the co-magnetometer. We propose an ingenious method for measuring the non-orthogonal angles, which does not require the assistance of other external calibration equipments.
The rest of this paper is organized as follows. Section II introduces the structure of the coil system and the basic principle of the measurement method whose fitting formulas are deduced from the steady state solution of the Bloch equations. Section III presents the overall structure of the dual-axis K-Rb- 21 Ne co-magnetometer, and shows the measurement results of the non-orthogonal angles. Finally, Section IV summarizes the main conclusion of the experimental results and discusses the future work based on current research.
II. PRINCIPLE AND METHOD
In the K-Rb- 21 Ne co-magnetometer, the coil system provides the fine compensated magnetic field and excitation magnetic field along the x-, y-, and z-directions, and the structure of the coil system has been shown in Fig.1 . The system is composed of a Lee-whiting scheme along z-axis and two pairs of saddle-shaped coils along x-axis and y-axis, respectively. The saddle-shaped coils are a flexible coil structure, which is made directly of a PCB board, so we consider that the coil along the x-axis is perpendicular to the coil along the y-axis. However, there are installation error angles due to the fact that the flexible coil is attached to the coil frame and the z-axis coil is hand-wound. The hand-wound coil is less technically difficult than the flexible coil structure in engineering. Thus, we consider that the magnetic field coils between the longitudinal direction and the transverse directions are non-orthogonal. That is to say, the magnetic field directions between B z generated by the longitudinal coil and B y (B x ) generated by the transverse coil are not orthogonal, as shown in Fig. 2 .
The non-orthogonal angle between z-and y-axes is
where −B y < B yz < B y . The non-orthogonal angle between z-and x-axes is
where −B x < B xz < B x . Under the effect of circularly polarized pump light, the alkali-atoms are spin polarized along the z-axis, and then they hyperpolarized the 21 Ne atoms by spin exchange interaction [20] , [21] . At the compensation point, the alkaliatoms see the low field condition of SERF, and the nuclear magnetization of 21 Ne could cancel the slow change in transverse magnetic field seen by the alkali-atoms [10] , as shown in Fig. 3(a) . When the applied magnetic field B z is deviated from the compensation point, the alkali-atoms can feel the change in the transverse magnetic field, and rotate a small precession angle. The transverse polarization of the FIGURE 3. Basic principle of K-Rb- 21 Ne co-magnetometer sensing transverse magnetic fields. (a) When applying a small adiabatically B y , the 21 Ne rotates to follow the total field and its magnetization B n can cancel the change in magnetic field at the compensation point. (b) When the magnetic field along z-axis is not zero, theP e and P n would process around the combined magnetic field. The spins of the electronics rotate under this field, and then project onto the direction of the probe beam.
alkali-atoms can be measured by using the linearly polarized probe beam, as shown in Fig. 3(b) .
The dynamic performance of the co-magnetometer can be approximately described by a set of Bloch equations coupling the electron spin polarization P e with the nuclear spin polarization P n [1] , [2] ,
Here γ e and γ n are the gyromagnetic ratios of electron and nuclear spin, respectively. Q(P e ) is the nuclear slowing-down factor which is related to the electron polarization. B is the ambient magnetic field vector, B e and B n are the magnetic fields generated by the polarized electron and nuclear spin, respectively. L is the AC stark shift field arising from the pump laser which is deviated from the optical resonance [22] , [23] .
is the inertial rotation vector. R p and R m are the pumping rate caused by the circularly polarized pump beam and the non-ideal linearly polarized probe light, while s p and s m are their photon spin vector, respectively. R en se refers to the spin-exchange rate from nucleus to electron. R ne se refers to the spin-exchange rate from electron to nucleus. R n sd is the spindestruction rate of the nucleus. R e tot is the total spin-relaxation rate of the electron, which can be defined as R e tot = R en se + R e sd + R p + R m , where R e sd is the spin-destruction rate of the electron [7] . In the dual-axis K-Rb- 21 Ne co-magnetometer, the response to slowly varying magnetic field can be obtained by the steady state solution of the Bloch equations. The B xand B y -related terms for the probe beam along the x-direction can be expressed as follows,
Here R n tot is the total spin-relaxation rate of the nucleus. δB z = B z − B c is the residual magnetic field along the z-axis. Due to the symmetry between x-and y-axes with respect to z-axis, the B x -and B y -related terms for the probe beam along the y-direction can be expressed as follows,
The steady state solution of the electron polarizations related to the magnetic fields are elaborated from (4) to (7) by selecting the major impact items and an intuitive model is shown in Fig.3 . At the compensation point, the nuclear magnetization of 21 Ne could cancel the slowly changing of a steady-state transverse magnetic field, as shown in Fig. 3(a) . When there is a bias magnetic field along z-direction and δB z = 0, P e will follow the net projection of the transverse magnetic field, then produce a projection onto the x-y plane, as shown in Fig. 3(b) . The responses to a bias magnetic field B y for P e x with the nonzero δB z can be approximately given by
where c 1 is a constant. Considering the non-orthogonal angle between the y-axis and z-axis, we can get a fitting function with a variable δB z according to (8) 
where
Here k 1 is the calibration coefficient relating to the probe beam along x-direction and the magnification of the signal. C 1 is approximately equal to a constant. The response to a bias magnetic field B x for P e y with the nonzero δB z can be simplified as
where c 2 is a constant. Considering the non-orthogonal angle between the x-axis and z-axis, the fitting function with a variable δB z can be given by
Here k 2 is the calibration coefficient relating to the probe beam along y-direction and the magnification of the signal. C 2 is approximately equal to a constant.
To avoid the influence of the ambient residual magnetic field on the output signals of the co-magnetometer, it needs to be compensated to near zero. When a bias magnetic field B y is applied to the y-direction, a dispersion shape can be obtained by changing the value of δB z . According to (9) , the magnetic field B yz can be obtained by fitting the field responses, and then the non-orthogonal angle α can be obtained through (1). In the same way, we can fit to get the magnetic field B xz by (11) , and then the non-orthogonal angle θ can be obtained through (2) .
III. EXPERIMENTAL SETUP AND RESULTS

A. EXPERIMENTAL SETUP
The experimental setup of the dual-axis K-Rb- 21 Ne comagnetometer is shown in Fig.4 . A 10-mm-diameter spherical vapor cell, containing a mixture droplet of K and Rb alkali metals, 50 torr of N 2 and 2.5 amagat of 21 Ne gas, is at the center of the co-magnetometer. The vapor cell is held by a boron nitride ceramic oven, which is heated with a homemade high-frequency AC electrical heater. Two-layer µ-metal magnetic shields and one-layer MnZn ferrite shield are applied to insulate the external magnetic field. The ferrite, whose electrical resistivity is high, has lower intrinsic magnetic noise generated by thermal Johnson currents and can reduce the 1/f component of the magnetic noise [24] . After degaussing the magnetic shields, the residual field is typically found to be <10 nT, and then it can be compensated by the internal field coil system. The Lee-whiting scheme is applied to the longitudinal coil and the two pairs of transverse uniform coils are saddle shape. The coils constants are accurately calibrated based on the nuclear spin precession [25] . The high precision function generators (Keysight 33500B) have been used to apply DC voltage to the coil system. The accuracy of the voltage is 0.1 mV for x-and y-directions, and the accuracy is 1mV for z-direction. The coil constant along x-and y-axes is 0.0075 nT/mV, while that along zaxis is 0.025 nT/mV. As the gyromagnetic ratio of 21 Ne is a constant value, the magnetic field accuracy of B x and B y is 0.00075 nT, which depends solely upon the precision of the voltage from the function generator, and that of B z is 0.025 nT. Therefore, the magnetic fields can be compensated with enough accuracy in our experiment. Through the finite element simulation, the field homogeneity of the coil system is about 1.9% in the central region of 10 mm × 10 mm × 10 mm. The coil system is also used for field modulation and excitation. The circularly polarized pump beam, which is turned on the K D 1 resonance line at 770.1 nm, has been used to polarize the K atoms along z-axis. The Rb atoms are polarized by the spin-exchange collisions between the K and Rb atoms, then the Rb atoms hyperpolarize the 21 Ne atoms [10] , [26] . A linearly polarized probe light, which is detuned by about 0.3 nm to the red side of Rb D 2 resonance line and generated by a distributed feedback (DFB) laser diode, is applied to detect the precession of the electron-nuclear spin ensembles in the presence of magnetic fields or rotations. The probe beam is divided into two beams Ch1 and Ch2 using a beam splitter, then the Ch1 and Ch2 propagate along x-and y-direction, respectively. After the cell, we use the balanced polarimetry technique to detect the rotation signal, whose probe beam is analyzed by a PBS set at 45 • to the initial polarization direction [27] . The optical rotation angle can be extracted from the intensity variations and recorded by a data acquisition computer (DAQ PC). To guarantee the longterm stability of the intensity of the pump and probe laser, a homemade intensity stabilization control system is used to sample the signal of photodiodes (PD1 and PD2). A small portion of laser beam split by the PBS is detected through a photodiode. Then the signal is transmitted into the electronic control unit (ECU), and the noise eater (NE) is used as an actuator in this system. According to the procedure described in [2] , the co-magnetometer is calibrated and the response of the comagnetometer is shown in Fig.5 . It can be seen that the linear range of the rotation rate is about -4 deg/s to 4 deg/s, and the scale factor of the linear range is 1.802 V/(deg s −1 ). The influence of the applied transverse magnetic field on the accuracy of the K-Rb- 21 Ne co-magnetometer is shown in Fig.6 . The equivalent scale factors in the linear region of the magnetic field responses are listed in Table 1 . The experimental results indicate that the suppression effect for B y is about 16 times better than that for B x at the compensation point. However, when the magnetic field along z-axis deviates from the compensation point, the fluctuation in field B y still produces an influence on the stability of the system. In order to reduce the influence of the field B y on the stability of the sensor, it is significant to accurately compensate the magnetic field along z-axis, which is affected by the non-orthogonal angles between the coils along x-and z-axes as well as the coils along y-and z-axes. Moreover, the inaccuracy of the applied transverse magnetic field can induce an offset in the angular rate measurement, so that it is necessary to calibrate the non-orthogonal angles of the coil system.
B. EXPERIMENTAL RESULTS
In the K-Rb- 21 Ne co-magnetometer, the residual magnetic fields can be compensated to near zero by using the coil system, and the compensation point at 175 • C along the x-, y-, and z-direction is 3.97 nT, 0.50 nT, and 113.53 nT, respectively. After that, the variable magnetic field from 60 nT to 320 nT is applied to the z-axis; meanwhile, a bias dc magnetic field in y-direction is applied to guarantee dB y = 0. The Lorentzian curves for Ch1, which can be described by (8) , are obtained, as shown in Fig.7 . When the magnetic field along z-direction is excessively deviated from the compensation point, the signal will drift seriously because of the de-coherence of the nuclear spin. To guarantee the accuracy of the measurement results, the data of which B z near the compensation point is chosen to fit. According to (9) , the magnetic field B yz can be obtained by the fitting curves, and then the non-orthogonal angle α can be acquired. The fitting results are shown in Fig.8 and Table 2 . A bias magnetic field along x-axis is applied to guarantee dB x = 0, and a variable magnetic field along z-axis is applied to get the Lorentzian curve for Ch2, which can be described by (10) . According to (11) , the magnetic field B xz projecting from B x can be known by fitting the curves in Fig. 9 . The nonorthogonal angle θ between the coils of z-and x-directions can be obtained and the results are shown in Table 3 .
The permeability of the magnetic shields could be affected by the changing temperature, which causes the variation of the residual magnetic field inside the shielded volumes [28] . In our experiments, the vapor cell is heated to 165 • C, 175 • C, 190 • C, respectively. Meanwhile the temperatures of the innermost magnetic shield are about 55 • C, 65 • C and 80 • C, respectively. The compensation points at different temperatures of the vapor cell have been listed in Table 4 . In Fig.10, FIGURE 8 . Some of the fitting results for the measurement data of Ch1. Selecting the data near the compensation point to guarantee the accuracy of the measurement results. the Lorentzian curves for Ch1 at different temperatures are measured when the bias magnetic field B y is about 5 nT, and the magnetic field B yz could be obtained by fitting (8) . According to Table 5 , we can know that the experimental results are consistent, when the vapor cell is heated to different temperatures. Therefore, the variation of the compensation point as well as the residual magnetic field inside the shields would not influence the results. Figure 11 exhibits the noise spectral density of the K-Rb- 21 Ne co-magnetometer operating with the compensation of the non-orthogonal angles. Compared with the uncompensated case, the low-frequency noise below 0.1 Hz of the compensated case is significantly reduced. Thus, the stability and sensitivity of the inertial measurement can be improved by compensating the influence of the field non-orthogonal angles.
C. ANALYSIS AND DISCUSSION
The experimental results show that when the absolute value of the applied transverse magnetic field is larger than 2.22 nT, VOLUME 7, 2019 FIGURE 11. Noise spectral density of the K-Rb- 21 Ne co-magnetometer operating with the non-orthogonal angle compensated (red line) and uncompensated (blue line).
the non-orthogonal angle α of the coil system between the y-and z-axes is about 7.93 • (average value); meanwhile, the non-orthogonal angle θ between the x-and z-axes is about 7.39 • (average value) in our apparatus. Nevertheless, when the absolute value of applied transverse magnetic field is less than 2.22 nT, there is a large deviation of the measurement results, which could be caused by the small magnetic field B yz and B xz projecting from the applied transverse magnetic field. In this situation, the resolution of this method may be not enough because of the large residual magnetic field and magnetic field gradient. However, once the installation of the device is complete, the non-orthogonal angles should be fixed. That is to say, the non-orthogonal angles are definite values regardless of whether the values of the applied magnetic field B y or B x changing. Thus, it is feasible to apply a larger transverse magnetic field to guarantee the accuracy of the measurement results. Moreover, by fitting the Lorentzian curves for Ch1, we can know that the absolute value of a 1 is 20.83 (average value) and b is 17.07 (average value); meanwhile, by fitting the Lorentzian curves for Ch2, the absolute value of a 2 is 3.39 (average value) and b is 17.08 (average value). The slight difference between each fitting result is due to the variation of the spin-relaxation rate caused by the different bias transverse magnetic fields [29] . The magnetic field B c is 99.77 nT (average value) and the light-shift L z is 1.289 nT (average value) by fitting the responses for Ch1; meanwhile, the B c is 103.40 nT (average value) and the lightshift L z is 1.282 nT (average value) by fitting the responses for Ch2. The error of B c in Ch1 and Ch2 may be caused by the difference between the quadratic terms of δB z in C 1 and C 2 , then the fitting formula may be further improved by considering items whose magnitude is less than 10 −7 in the future work.
IV. CONCLUSION AND FUTURE WORK
In conclusion, we have proposed an ingenious method for measuring the non-orthogonal angles between the coils of longitudinal direction and the transverse direction in the dualaxis K-Rb- 21 Ne co-magnetometer. The measurement results of the non-orthogonal angles are 7.93 • between the y-and zdirections, and 7.39 • between the x-and z-directions. This method is not affected by the temperature change of the cell or of the innermost layer magnetic shield. It is significant for estimating the deviation of the applied magnetic fields caused by the tri-axial coils, and improving the stability of the co-magnetometer by compensating the deviation magnetic field. This calibration method will be of considerable benefit in improving the reliability of the co-magnetometer for the inertial navigation system. Further improvement will be implemented by realizing the close-loop control of the transverse residual magnetic fields based on compensating the influence of the non-orthogonal angles. 
